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ABsTRAcT A set of differential equations is derived which describes the four uni-
directional fluxes of a substance across the boundaries of the central compartment
of a serially arranged three compartment system, and the amount of this substance
present in the central compartment. An analytic solution is obtained which yields
all of these quantities as functions of time. The analysis is associated with a defined
set of repetitive experiments from which the necessary data are obtained and during
which the two outer compartments must be subject to experimental control. The
solution is applicable to both the initial steady state and a transient, time-dependent
state created by making a step change in the initial conditions. It describes the fluxes
and compartment size without assuming that constant kinetic coefficients relate the
fluxes to compartmental quantities but is limited by the requirement that the
response of the system be repeatable in time.

INTRODUCTION

The strengths and weaknesses of tracer compartmental analysis have been thor-
oughly discussed (see for instance Solomon, 1949, 1953, 1960, 1964; Robertson,
1957, 1962; Sheppard, 1962). Although there appears to be no theoretical obstacle
to the examination of multicompartment, nonsteady-state systems (Lax and Wren-
shall, 1953; Landahl, 1954; Hart, 1957), a major source of difficulty lies in the fact
that such systems yield linear differential equations with nonconstant coefficients.
Analytic solutions generally cannot be obtained, and numerical techniques must
often be utilized (Sheppard, 1962). Consequently the literature is almost entirely
confined to systems in a steady state.

It is well known that a study of the transient response of a system can be more re-
vealing of underlying mechanisms than a simpler steady-state investigation. It is
shown in this paper that an analytic solution may be obtained which yields the four
unidirectional fluxes in a serially arranged three compartment system and the size
of its middle compartment as functions of time. This analytic solution describes the
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transient state following a step change in conditions from an initial steady state, and
makes use of an experimental procedure designed to obtain the required tracer
information. This experimental procedure and the associated analysis have been
applied to the sodium-ion fluxes across the urinary bladder of the toad, Bufo marinus,
and the results are reported in the following paper (Schwartz and Snell, 1968).

ANALYSIS

1. The System

The system to be analyzed is described in Fig. 1. It consists of three compartments
in series. The two outer compartments, 1 and 3, represent accessible bathing solu-
tions and the central compartment, 2, represents the tissue which, it is assumed, can
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FIGURE 1 Three compartment model.

be approximated as a single homogeneous compartment. Let Sn denote the total
amount of the substance under investigation present in compartment n, and jnm
denote its unidirectional flux from the nth to the mth compartment. The correspond-
ing tracer quantities are denoted by superscripted asterisks. From the conservation
of mass we then have

dS2*
dSt 1= (2+ j32- (j21 +A2*3 (2)

The specific activity of tracer in any compartment is defined by

Sm (3)
Sm

giving
jn = ajmn X m + n (4)

if it is assumed that there is no discrimination between isotopes in the process.

I Tracer amounts were measured as count rates in this work and the units of specific activity were
consistent with this practice. A different method of specifying tracer amounts merely results in different
units for specific activity.

BIOPHYSICAL JOURNAL VOLUME 8 1968806



Using equations 3 and 4, equations 1 and 2 can be combined to give

a2 dt j a2 ) a2 )X

and a2 can be eliminated to obtain

d d j12- ~2 J32 ( 2n-l"n=13 (6dInj2 d Inj* _ a,2 IJ2- a I n = 1 3 (6)dtdt S2 j2n ~~S2 12n /

This expresses the species fluxes in terms of experimentally measurable time varying
tracer fluxes. Equations 1 and 6 are insufficient to determine the four unidirectional
fluxes and S2 . Further independent information is required, and a set of repetitive
experiments must be devised for this purpose.

2. Set of Experiments

We wish to analyze the transient, time-dependent state following an imposed step
change in conditions from an initial steady state. The existence of two kinds of steady
states can be utilized to design the required experiments. Both types of steady state
are defined by the time invariance of the concentrations or compartment sizes of the
substance traced, and of its fluxes. In the first kind the tracer and the total test sub-
stance are both in a steady state, but in the second kind only the total test substance
is in a steady state. The second kind is commonly approximated by the sudden addi-
tion of a trace amount of isotope to a system otherwise in a steady state.
A sudden step change in conditions from initial steady states of both the first and

second kinds can be sequentially employed. Furthermore, the spatial symmetry of
the system about compartment 2 makes it possible to repeat this procedure with
tracer initially in either compartment 1 or 3. Four possible experiments thus result.
The data to be analyzed consist of standards drawn from the "hot" incubating
solutions, and the tracer activity in the appropriate outer compartment both during
the initial steady state and during the ensuing transient state. The outer compart-
ments may be monitored by serial sampling or any other method consistent with the
required boundary conditions.
The step change may involve any of a variety of conditions which affect the fluxes

whose time dependence is to be ascertained. A change in transmembrane voltage,
transmembrane current, temperature, or the sudden application of activating or
inhibiting drugs are all possibilities. In the study reported in the following paper
(Schwartz and Snell, 1968) we have employed a sudden transition from an open-
circuited to a short-circuited state-i.e. voltage clamping at zero potential difference
between compartments 1 and 3.
A detailed description of the experimental protocol and its associated boundary

conditions is in order. A set of four sequential runs are performed during which
compartments 1 and 3 are constantly flushed with the proper flowing solution.
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Run A. Compartment 3 contains high tracer activity. Compartment 1 is
continuously flushed with "cold" solution. After a steady state of the first kind is
reached, the monitoring of tracer activity in the effluent from compartment 1 is
initiated. This point is denoted as t = 0. Following a suitable period of duration
t = 0, the step change in conditions is apphed. Monitoring continues for the desired
period. Conditions: al(t) O 0, i.e., a, << a2; a3(t) = a3(0) = constant.

Run B. Compartment 3 initially contains high tracer activity and compart-
ment 1 is continuously flushed with "cold" solution. After a steady state of the first
kind is reached, compartment 3 is opened and also flushed continuously with
"cold" solution. Following the washout of this compartment, the system is in a
steady state of the second kind and monitoring of tracer activity in the effluent from
compartment 1 is then initiated. This point is denoted as t = 0, and corresponds to
the similarly denoted point in Run A. Following a period of duration t = 0, the
step change in conditions is applied. Monitoring continues for the desired period.
Conditions: al(t) _ 0, i.e. a, << a2 ; a3(t) - 0, i.e. a3 << a2 .

Run C. This corresponds to Run A, with the procedures with respect to
compartments 1 and 3, reversed. Conditions: al(t) = al(O) = constant; a3(t)
_ 0, i.e. a3 << a2.

Run D. This corresponds to Run B, with the procedures with respect to
compartments 1 and 3, reversed. Conditions: al(t) _ 0, i.e. a, << a2; a3(t) 0,
i.e. a3 << a2.
The validity of an analysis based on such a set of experiments depends upon the

response of the system being the same each time the change in conditions is reim-
posed. This implies that the changes in the initial conditions produce no irreversible
effects on the processes involved so that the system returns to its initial state-except
for the distribution of tracer-at the start of each run. In practice it is convenient to
employ separately analyzable isotopes, one for Runs A and B, and another for Runs
C and D.

3. Analysis of the Transient Period

Normalized variables based on experimentally measurable quantities are defined for
the indicated runs as follows:

621 = a]) during Run A (7a)

7721 = a]() during Run B (7b)

al(0) during Run C (7c)

23 = J2(0) during Run D. (7d)
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In equations 7b and 7d, a3(0) and al(O) refer to the initial specific activities used to
incubate the tissue with tracer during the associated runs. In equationts 7a and 7c
they represent the actual activities in the pertinent compartments at t = 0 and
throughout the run.
Employing these variables and the appropriate boundary conditions for each run

we obtain from equation 6 the relations

d In i2i = d In ,21 + j12 + i32 _ j32J21 (8a)
dt dt + S2 (8b)

d I .i d In fl21+j +j (8b)
dt dt S2

d ln j = d In t + jl2+ j32 j23j12 (8c)

and

dd n j23 = d ln q23 + j2+ j32 (8d)dt dt S2
which together with equation 1 comprise a set sufficient to describe the transient
periods of Runs A-D. Proceeding, we define

a2n =-j n = 1,3 (9)
92'

which gives

d j12 + j32 (a+C)In S2 a2l + a23 ~~~~ 10)
dt 82 22

with equation 1. Equations 8a and 8b, and similarly 8c and 8d can then be combined
to yield

O = d In (&1 _ a21j32 (Ila)dt 721 621

and

0 = d In (23 _ a123j12 (llb)
dt \l23 t23

Equations 8b and 8d with 10 yield

dt na21 = d-ln 21 + (a21 + a23) (12a)dt dt

d In a3 =
d
n qn +(a2i +a23).(12b)dt dt
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Since qn anr3 723 are known from the data of Runs B and D respectively, equations
12 can be solved simultaneously for a21 and a23 . Equations 11 can then be solved for
i32 and ju since 621 and t23 are known from the data of Runs A and C, respectively.
Finally .e-quation 10 can then be solved for S2 .

Proceeding as outlined we subtract 12a from 12b to obtain

dln X23 7121 -0 (13)dt \a2l 7123
whose solution is

a23= K Ca21 (14)
121

where K is the constant of integration. Equations 12a and 14 then give

121 d ln (72= 721 + K-23 (15)(X21 dt \21

which can be rewritten as2

dt (21 -(X21 + K123) ( 16)

from which the solution

p =
M =C- (q21 +K7) dr (17)

follows, and the varible p can be defined for convenience as shown. Here r is a dummy
variable, C is a constant of integration, and the lower limit of integration marks the time
of application of the step change in conditions. It then follows that

a221=21 (18a)
p

and

ca23 = K-q2Z (18b)
p

and j21 and j23 can be obtained from equations 9. When equations 17 and 18 are substituted
into equations 11, we find that

j32 =pd 21 (9a)
and

j2 =pd(d23* (19b)112=-t- 1IqD
2This follows from the fact that for any quantity IA

1 d d (1\
- ln I =-d V-A

BIOPHYSICAL JOURNAL VOLUME 8 1968810



Since all of the fluxes and the a's are now known, equation 10 can be solved for S2. We
can rewrite it as

dIn S2 ppd 1I&t + (t21 (7121 KO
dt S2 dt 23 21 p

Upon differentiation, equation 17 gives

_21+_K_ = dp~~~~Ip dt

which yields

d-S2 -S2dIn p P d 1 23 + (1dt d tK 23 72

(20)

(21)

(22)

when substituted into equation 20. With the use of i/p as an integrating factor (Ford, 1933),
equation 22 becomes

d S2
dt (p

IK(v2at6 t21]= 0

k k7123 721/i

(23)

giving, upon integration,

S2 = pg (24)
where

(25)g = F + 1 (023) + (t

and F is a constant of integration.

To summarize then, the unidirectional fluxes are

j21 = 721g

j23 = K- 23g

j32 = dt \121

j= p d (t2
K dt \7123/

and the total amount of associated substance in compartment 2 is

S2 = Pg.
Each has been expressed in terms of experimentally measurable quantities.

(26)

(27)

(19a)

(19b)

(24)
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The constants of integration, C, K, and F, can be evaluated from the initial condi-
tions. Should there be a discontinuity in any of the variables at t = 0, the instant of
the step change in conditions, the values at t = 0+ must be used. This question of
continuity will be examined later. From equation 9 and 17

C= 121(0)S'(0) (28)

and from equations 9 and 14

K - 2,3(o) n21(0) (29)
j21(0) t123(0)

It will be demonstrated later that F a 0.
We have developed the solution for the nonsteady state from a particular set of

experiments designed to gather the necessary independent information about the
system. While it may be possible to design some other set of experiments for this
purpose, the content of the solution would necessarily be the same since it must be
unique.
The initial steady states must be examined to evaluate the integration constants.

4. Analysis of the Steady State

A. General Considerations. Prior to imposing the step change in condi-
tions during Runs A through D, i.e. in the interval 0 . t _ 0, the system is in a
steady state of either the first or the second kind. Thus for all of these runs the con-
ditions

d d. d. d dt S2 -dtj21 = t = dt t23 = d21 = (30)dtdt dt dt dt

prevail throughout this period. However

dt2n Z° n= l,3, 0.t50 (31)

since in Runs B and D we have a steady state of the second kind. For brevity, all
quantities remaining constant during this initial period will hereafter be denoted by
a parenthesized zero for t. Thus we define

m = a2l(0) + 0a23(0) (32)

and utilize equations 30 and 31 to write equations 10-12 in their steady-state forms:

2
= j12(0) + j32(0)

_ m (33a)0 S21(0) m(3a
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O = d In X + aY21(0)j32(0) (33b)dt- 171 21(0)

O d in 1123 + a23(O)12(O) (33c)
dt ~~~~23(0)

dO=d-tIn721+m (33d)

0=d-n1123+m. (33e)dt

Combining equations 33b with 33d, and 33c with 33e, we can write

m[23(0) - 21(0)] = 023(0)j12(0) - a21(O)j32(0). (34)

This gives

623(0) - 21() = j23(0) -j32(0) (35)

with the use of 33a. The steady-state net flux across compartment 2 is thus given by
the difference between the measured normalized, unidirectional tracer fluxes of Runs
A and C. One can demonstrate that an analogous expression is valid for a serially
arranged four compartment system, and its applicability to a two compartment
system is obvious. This suggests that equation 35 is independent of the assumed
homogeneity of the central compartment. Other more general arguments toward this
end have also been advanced (Schwartz, 1966), and Kedem and Essig (1965) have
demonstrated the validity of equation 35 in a generalized, continuous, noncompart-
mentalized system by utilizing the techniques of nonequilibrium thermodynamics.
Equations 33d and 33e show that ln1121 and In 123 are linear functions of time. This

property can be utilized to check the validity of the assumption that the experimental
system can be represented by a three compartment model. Unfortunately, however,
these equations are not independent. The steady-state set, equations 33, is thus com-
prised of only four equations in the five unknowns-the four unidirectional fluxes
and S2-and the steady-state system is underdetermined. An additional independent
experiment is needed. One which leads to an independent determination of either
S2(0) or S2*(0) would serve. The following two alternate experiments thus suggest
themselves.
Run E. As in Runs C and D, compartment 1 is flushed with solution containing

high tracer activity while compartment 3 is flushed with "cold" solution. When a
steady state has been achieved, compartment 2-the tissue-is removed and analyzed
for the value of S2*(0).
Run El. The tissue is analyzed for the value of S2(0) by some appropriate proce-

dure.
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B. Steady-State Calculations with S2*(0) Known. From equations 3, 4, 7c,
9, 33c, and 33e it follows that

j12(0) = m La2(0)1] (36)

It is seen from equations 33d or 33e that m can be evaluated from the slope of a semi-
logarithmic graph. Therefore j12(0) can be determined. Equations 33c and 33e yield

0Y23(0) = m23(0) (37)

so that a23(0) can be calculated. Then

a21(0) = m - a23(0) (38)

follows from the definition (32). With a21(O) now known we can compute

132(0) =
M

21(0)
(9

a21(0)

from equations 33b and 33d. From 33a we can calculate

S2(0) =j12(0) + j32(0) (40)

and, in turn, from the definitions (9)

j21(0) = a21(0)S2(0) (41)

and

j23(0) = a23(0)S2(0). (42)

Thus values for all the steady-state fluxes as well as for S2(0) can be determined.

C. Steady-State Calculations with S2(0) Known. Once again according to
equations 33d or 33e, m can be evaluated from the slope of a semilogarithmic plot
of available data. Then from 33c, 33e, and the definition of a23 in equation 9

j12(0)j23(0) = mS2(0)3(0) (43)

while from 33a

j23(0) = mS2(0) -j21(0). (44)

The net flux, known from the data and equation 35, can also be written as

j(°) = j12(0) -j21(0) (45)
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and equations 43, 44, and 45 can be combined to yield the quadratic expression

j12(0) -j12(O)[mS2(0) +1(O)] + mS2(0)%23(0) = 0 (46)

whose solution gives the two roots j(f) (0) and j(2) (0). Knowing j12(0) we can now
calculate j23(0) from equation 43, j21(0) from equation 44, and j32(0) from equation
33a. Thus all four unidirectional steady-state fluxes are again determined.

Parenthetically we note that

12) (°)j2) = mS2(0)%23(0)* (47)
Comparison with equation 43 shows that

(1)(0) = j2()(O) (48a)
and

j(2)(o) =j(0), (48b)

indicating that the two boundaries of compartment 2 cannot be distinguished from
each other when the steady-state values are calculated in this manner, unless one has
additional information as to which root provides the correct value for j12(0).

5. The Constants of Integration. The integration constants appearing in
the solution describing the transient, time-dependent state (equations 28 and 29)
can be evaluated from knowledge of the initial steady-state fluxes and S2(0) pro-,
vided that there is no discontinuity in these values in going from t = 0- to t = 0+
the point of application of the step change.
From equations 3, 4, 7b, and 28 one can deduce that

c BS2* (0) (49)

where the alphabetical superscript denotes the run to which the quantity refers.
Since Bs2*(0) is an amount of tracer in an inaccessible compartment it cannot change
discontinuously. Therefore C must also be continuous. It is seen that C is the nor-
malized amount of tracer present in compartment 2 at t = 0 during Run B.
One may similarly ascertain from equation 29 that

K ai(0) lBa2(0)1
La3(0) JDa2(0)J' (5)

and since the a2's are specific activities in an inaccessible compartment they too can-
not change discontinuously. Thus K is also continuous at t = 0. This constant
corrects for any difference between the specific activities in compartment 2 during
Runs B and D at t = 0 due to causes other than a corresponding difference between
the specific activities of the "hot" incubating solutions.
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Only F of equation 25 remains for discussion. From equations 17, 24, and 25

F= C - [23(@)1 + 721(0) (51)

This together with equations 28 and 29 gives

F = 121(0) J - [t23(0) + t2l(0) .5
7121(0) jL23(0) j21(0)IJ

But it follows from equations 9 and the steady-state relations (33) that

623(0) + 1(0) - 1 (53)
23(0) 121(0)

and F thus vanishes identically during the steady state. The continuity of this con-
stant at t = 0 follows from the fact that

F = 80) [:1+ 20}(54)
C { Da2(0) ] Ba2(0)}

which can be deduced from equations 4, 7, and 51.

SUMMARY AND CONCLUSIONS

Biological systems that can be approximated by a three compartment model are
common. The two outer compartments often represent bathing media accessible to
experimental control, while the central compartment represents the tissue. Until
now the fluxes across the boundaries of the central compartment and the amount of
tracer in that compartment could be thoroughly investigated by tracer techniques
only during a steady state.
We have designed a set of four experiments which yield sufficient information to

investigate a nonsteady state. It was necessary, for this purpose, to make a careful
distinction between two types of steady states. The set of differential equations which
describes the experiments was derived, and analytically solved for the desired fluxes
and compartment size. The solution is valid for the time-dependent, transient state
prevailing during the relaxation of the system to a final steady state after a step
change has been made in certain of the conditions prevalent during an initial steady
state. With the addition of one experiment it also describes the initial state. The
assumption that constant kinetic coefficients relate the fluxes and compartmental
quantities was not required. The associated integration constants were evaluated in
terms of initial conditions.
The detailed investigation of time dependent states, which can be more revealing

of transport mechanisms than steady-state experiments, is thus made easier. But
success depends upon the system returning to the same state each time that the initial
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conditions are reproduced, and then responding identically whenever the step change
in conditions is reimposed. While this analysis is based on a given set of experiments,
the content of a solution involving the same imposed changes but using some other
experimental set would necessarily be the same for reasons of physical uniqueness.

Finally, we have have presented evidence that, for a system in a steady state of the
first kind, the difference between the normalized unidirectional tracer fluxes t23(0)
and t21(O), yields the net flux across the middle compartment even if that compart-
ment is inhomogeneous.
Receivedfor publication 9 January 1968.
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